
Problem Seminar

March 9, 2009: RN as a metric space. Sets in RN

Instructor: Constantin P. Niculescu

Geometry of the Euclidean space RN

1. Prove that in RN an equality of the form kx+ yk =
kxk + kyk is possible if and only if x and y lie on
the same half-line that passes through the origin. In
other words, the norm function is strictly convex.

2. (a) Prove that
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RN :

(b) Infer the inequality of Ptolemy,

kxk ky � zk � kyk kz � xk+ kzk kx� yk :

(c)* Discuss the equality case.

Questions marked with * are more involving.



3*. Prove that every point of a compact convex set in
RN is a convex combination of at most N + 1 ex-
treme points.

Elementary topology of RN

1. Prove that the closure of the ball

Br(a) = fx : kx� ak < rg

is the ball �Br(a) = fx : kx� ak � rg and the in-
terior of �Br(a) is Br(a):

2. Prove that Q�Q is neither closed nor open in R2

but it is dense.

3. Prove that every subset of RN is separable. Infer
that every open covering of a subset of RN contains
a countable subcovering.



4. Prove that the following properties are equivalent for
K a subset of RN :

(a) K is compact;

(b) K is bounded and closed;

(c) Every sequence of elements of K contains a con-
vergent sequence (with limit in K):

5. Prove that the interior and the closure of a convex
set is convex too.

6. Prove that the intersection of every countable family
of dense open subsets of RN is dense.

7. List all subsets of RN which are both open and
closed.

8. Consider the space Mn(R) of all n� n dimensional
real matrices, endowed with the topology induced
by Rn�n. Prove that the subset of all invertible
matrices is open.
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